


A marking M for a type expression 7 is a set of
rooted paths in the type tree for . The root of the
marking is defined to be the root of the type tree. We
will insist that a marking be prefiz-closed, in the sense
that all prefixes of a path in M must also be in M.
We will often denote a marking M for a type 7 by
superscripting the components of 7 that are leaves of
paths in M by 1, and all others by 0, as indicated in
Example 4.

Example 5 Consider the type 7 of Examples 3 and
4. The marking M of the latter example is {set, set —

vertexr
record, set — record — atom} O

A type 7 is said to be fully marked under a marking M
if M consists of all rooted paths in the type tree for 7,
and M is termed the full marking for 7. We say that
7 is unmarked under M if M = §.

We define the following operators, - and /. Let M be
a marking for 7. v = -M denotes the prefix closure of
theset {v > p|pe M}. v /M denotes {p|v > p¢€
M} (which is prefix-closed if M is prefix-closed). Both
operators - and / associate to the right. Intuitively, .
permits us to prepend edges to the paths in M, and /
permits us to discard leading edges in those paths.

A generahzed type is a pair (7, M), where 7 is a type
expression and M is a marking for 7.

Let f be a substitution for the type and list vari-
ables in 7, and let M be a marking for 7. We define
a marking on f(7) by extending f to M, as follows.
The intuition is that if M marks an occurrence of a
type or list variable in 7, then all of the descendants
of these occurrences in f(7) are marked in f(M). Let
‘a be a type variable in 7, and let p be a path in M
such that 'a is the leaf of p. We replace p in M by
every path obtained by replacing ‘a in p by a path in
the full marking of f(’a). Let “a be a list variable in
T, let p be a path in M such that v — “a is the last
edge in p for some v. Let f("a)bely :7y,..., g : 7p or
L :7m,..., Iy : 1, *b. In the former case, we replace p
by every path obtained by replacing v — “a by v LN q
such that ¢ is a path in the full marking of f(x;), for
any ¢. In the latter case, we also add the path obtained
by replacing v — *a by v — "b.

Let us extend our partial order to generalized types.
Let 71 and 7 be type expressions, and let M; and M,
be markings for m; and 7y respectively. We say that
(11, M1) <X (72, M3) iff 1 < 7 (under the substitution
f, say), and f(M1) C Ms. In this case, we say that
(11, My) is a generalization of (72, M3), and the latter
1s a specialization of the former. We define equality on
generalized types by saying that (71, M) = (72, Mp) iff
(7'1,M1) j (Tz,Mz) and (Tz,MQ) j (7‘1,M1).

The generalized type (73, M3s) is an upper bound
of (r1,My) and (72, M) iff there is a substitution
f such that f(r1) = f(m) = m, f(M1) C M;

and f(Ms) C Ms. (73, Ms3) is a least upper bound
(written (71, M) U (72, M>)) iff for every upper bound
(7’4,M4) of (Tl,Ml) and (TQ,MQ), (T3,M3) j (T4,M4).
It is easy to see that (7, Mq) U (72, M2) exists iff
71 U 79 exists. Let f be the substitution such that
f(Tl) = f(TQ) = n u T2, then, (Tl,Ml) U (TQ,MQ)
is (f(m), f(M1) U f(M3)). The computation of this
Lu.b. will be termed wunification for the generalized
types (71, M1) and (72, Ma).

Note that we may speak of the simultaneous uni-
fication of sequences < (71, M1),...,(7%, M) > and
< (p1:N1),...,(pr - Ni) > as the unification of ([ :
T1, .. g o 7], G) and ([l : pa, .., Ik ¢ pg), H), where

the [;’s are fresh labels, where G is Ui<icirecord LN

. l,
-M; and where H is Ui<i<precord = -N;.

4 Data flow analysis

In this section, we will present an algorithm that ac-
complishes a form of data flow analysis on a query. Our
algorithm assigns generalized types to each variable or
subexpression X of a query @ (written GOT(X)). In
Section 5, we describe the use of this technique in per-
forming projection propagation and dead-code elimina-
tion on our query.

The following example illustrates the basic idea of
our algorithm.

Example 6 Consider the query of Example 1 (lines
10-12). We begin by assuming that every component
of the query value is relevant; hence, we assign to the
query the (generalized) type ‘a’.

Since the query is the result of a forall statement
(and hence set-valued), we unify ‘a' with the type
{’6°}%, where ‘b is a new type variable. The result
is {’c'}'. Hence, the record projection W.Dept on line
12 must have the type ‘c'.

Let Wi be the occurrence of W on line 11, and W5
the occurrence of W on line 12. Consider the expression
Way.Dept on line 12. Since this is a record projection,
W2 must be a record with a Dept field. We assign to
W, the type [Dept : 'd° *u°]°. Unification with ‘¢!
assigns to Wy the type [Dept : ‘el, As°]'.

Since the with condition on line 11 affects the value
of the query, we assign it the type bool'. The inequal-
ity on line 11 results, through further unifications, in
assigning to Wi the type [Mgr : atom!,*v°]'. Uni-
fying the types of Wi and W5, we obtain the type
[Dept : 'e*, Mgr : atom®, *w°]* for the variable W.

Since W ranges over the set group(E’) (line 10), we
assign the type {[Dept ' e!, Mgr : atom®, *uw°]'}! to
the latter.

Repetition of these steps on the definition of group
results in assigning to the record construction on lines
3-9 the type [Dept  m!, Mgr : atom!,*2z°]'. Thus,

418



the Emps field of this record construction is irrelevant
to the query. Further steps show that “x does not
appear in the output type of any EDB variable, so we
may delete the Emps field on line 5-8 without affecting
the type-correctness or value of the query. O

As this example shows, the essential idea in our al-
gorithm is to implement a form of data flow analysis
using marked types. We begin with the output type
of the query, which is fully marked to indicate that we
are interested in all its components, and then begin a
type inferencing procedure in which we only investigate
subexpressions whose type is marked.

As indicated in Section 2.3, we will distinguish be-
tween a variable and its occurrences, and between dif-
ferent occurrences of a variable. That is, if X; is a
variable with occurrences Xj;i,...,X;k, then each of
X, Xit, ..., Xir will be assigned a (possibly different)
generalized output type (GOT). We will also dis-
tinguish between different occurrences of a constant
(atomic, boolean or 0).

We assume that the GOT’s of the query are global, in
the following sense. Let < Si,...S, > be asequence of
the variables and subexpressions of a query. Then, the
statement GOT(S;) := A U B denotes the statement
< GOT(Sl), Ceey GOT(S,;__l), GOT(S}), GOT(SH.l),
..., GOT(Sy,) > = < GOT(S1), ..., GOT(S;-1), A,
GOT(Si+1), --., GOT(S,) > U < GOT(S:), ...,
GOT(Si-1), B, GOT(Si41), - .., GOT(Sn) >.

We also assume that a failed unification raises an
exception and terminates the algorithm. We will show
in Section 6.1 that no exceptions will be raised if our
query is type-correct.

Algorithm 1

INPUT: A query Q.

OUTPUT: An assignment of generalized output types
to the subexpressions of Q.

(1) Rename all range variables in @ (that is, the formal
variables in forall statements) to be distinct, and to
be distinct from EDB variables.

(2) For each variable or subexpression X in @,
GOT(X) := 'a®, where ’a is a fresh type variable.

(3) mark(Q, ‘a'), where ’a is a fresh type variable and
where the procedure mark is defined below.

Procedure mark(FE : expression,
(T, M) : generalized output type)

(1) GOT(E) := GOT(E) U (T, M).
(2) If E is an occurrence of a variable X, GOT(X) :=
GOT(X) U GOT(E).
(3) If GOT(E) is unmarked, return.
(4) Perform the following case analysis on E.

(a) Constant: GOT(E) := GOT(E) U atom®.

(b) Boolean constant: GOT(E) := GOT(E) U
bool®.

(c) Occurrence of a variable X: return.

(d) ~F: GOT(E) := GOT(E) U bool®;
mark(F,bool").

() FAG or FV G: GOT(E) := GOT(E) U bool’;
mark(F,bool'); mark(G, bool').

(f) F = G: GOT(E) := GOT(E) U bool®;
mark(F, a'); mark(G,' a') (‘a fresh).

(g) F € G: GOT(E) := GOT(E) U bool;
mark(F, a'); mark(G, {'a'}") ('a fresh).

(b) F.I: Let GOT(E) be (T1, My). Let M, be the
marking record 4 -M1, and let T3 be the type
[l : Ty, s] ("s fresh). mark(F, (T2, M3)).

() [h:Fu,y..., Ik : Fx): GOT(E) := GOT(E) U
[~4°1° ("t fresh).
Let GOT(E) be (T1, M1). If Ty is of the form

G, Uiy -, i, 2 Uy, “u] and record — “u € My,
then GOT(E) := GOT(E) U [lia}, ..., I a3]°
('ay, ..., ax fresh).

Let GOT(FE) be (T2, M3), where T3 is of the form
[Ij : Uju . "7ljn : an,"u] or [l] : an' . "ljn : an].

For 1 < i< n, mark(F;,,(U;,,record by [ M2)).

() 0: GOT(E) := GOT(E) U {"a®}° (‘a fresh).

(k) {F}: GOT(E) := GOT(E) U {'a®}® ('a fresh).
Let GOT(E) be ({T1}, My). mark(F,

(Tl,SCt e /Ml))

(1) FUG: GOT(E) := GOT(E) U {"a®}® ('a fresh).
mark(F, GOT(E)); mark(G, GOT(E)).

(m) collapse(F): GOT(E) := GOT(E) U {'a®}° ('a
fresh). Let GOT(E) be (T1, M1). mark(F,

({11}, set — -My)).

(n) forall X in F with G return H: GOT(E) :=
GOT(E) U {'a®}° (‘a fresh). Let GOT(E) be
({11}, My).

(i) mark(H, (11, set — [My)).
(ii)mark(G, bool).
(111) Let GOT(X) be (T2, Mg)

© mark(F, ({Tz}, set — -My)).

5 Applications

In this section, we describe the use of Algorithm 1 in
performing projection propagation and dead-code elim-
nation.

Let Q be a query to which Algorithm 1 is applied.
Let us say that a subexpression E of @ is traversed if
a call to mark(E, (T, M)) was made, for some (T, M).
It is easy to see that the GOT of an expression that is
not traversed is ‘a’, where ‘a appears nowhere among
the GOT’s of any other subexpression. We say that E
is a fringe expression if E is traversed, but at least one
of its immediate subexpressions is not traversed.

Let us say that a fringe expression E is a record
fringe expression if E has the form [li:Eq, ..., 0kt Ex),
and if GOT(E) is of the form ([l;; : 7j,,...,;, :
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Tja> 8], M) where record — "s ¢ M. That is, E'is a
record construction, and "s is unmarked in the expres-
sion. This expression is good if whenever "s appears in
the GOT (T, N) of some subexpression or variable X,
then "s appears nowhere in any path in N (i.e., *s is
unmarked) and X is not (an occurrence of) an EDB
variable.

Let us define a fringe expression E to be free if
GOT(E) is of the form ’a®. This fringe expression is
good if for every subexpression or variable X of our
query @, if GOT(X) is (T, M), then ‘a does not ap-
pear in any path in M, and ‘a appears nowhere in T
if X is an EDB variable (or an occurrence of an EDB
variable).

The following strength reductions may be performed
using the output of Algorithm 1.

Algorithm 2

INPUT: A query @, to which Algorithm 1 has been
applied.

OUTPUT: A query @} that is type-correct, and which
returns the same value as ) for every instantiation of
the EDB variables in Q).

Perform the following steps, in order.

(1) For every good record fringe expression [l
Ey,...0ly ¢ Exylgp1 0 Ergt, o lotn - Ek+n]; with
GOT ([li : m,..., 0k + 7%, "s]), M), delete the list
le+1 : Ers1, -+ o5 loegn © Exyn from the expression.

(2) For every good free fringe expression E, replace E
by the empty set 0.

6 Correctness

In this section, we will prove the correctness of Algo-
rithm 1 and Algorithm 2.

To prove the correctness of Algorithm 1, we will show
that if F is type-correct, then each unification in the
execution of mark succeeds.

There are two parts to the proof of correctness of
Algorithm 2. We will show that the transformation
preserves the type-correctness of the query, and that
the transformed query returns the same value as @ for
every instantiation of the EDB variables in Q).

6.1 Algorithm 1

Theorem 2 Let < S; > (1 < i < n) be a sequence
of the variables and subezpressions in an erpression E,
where w.lo.g., E is S1. Let < (U;, N;) > be a fully
marked typing of E (recall from the definition of a typ-
ing that each U; is fully specialized; i.e., U; contains
no type or list variables). For each i, let GOT(S;)
ingtially be 'a®, for some fresh type variable 'a. Let
< (Ti, M;) > be the GOT’s of < S; > after a call to
mark(E, (T, M)), where (T, M) < (U1, N1). Then:

(a) For 1 <i<n, (T;, M;) X (Us, Ny).
(b) Each unification in mark(E, (T, M)) succeeds.

Proof The proof is an induction on the size of (num-
ber of operators in) E, using the following fact. If
(V1,01) < (W1, Py) and (V2,03) < (Wy, P2), and
if (W1, P1) U (Wo, P2) exists, then (V;,041) U (Va,09)

exists. O

Corollary 1 Consider the application of Algorithm 1
to a type-correct query ). Then, every unification per-
formed by the procedure mark succeeds.

Proof' Since () is assumed to be type-correct, there is
some typing < U; > for . W.l.o.g, we may set N; to
be the full marking on U;, for all ¢, so that < U;, N; >
satisfies the condition of Theorem 2. Initially, each
subexpression of our query is marked with a fresh type
variable ’a, and the call to mark(Q, (T, M)) sets T to’a
for some fresh ‘a. Our proof follows from Theorem 2(b).
[}

6.2 Type-correctness

Let @ be a type-correct query to which Algorithm 2
has been applied, and let Q' be the transformed query.
The type-correctness of @’ is treated in the following
theorem.

Theorem 3 Let < S; > (1 < i < n) be a sequence
of the variables and subexpressions in an ezpression E,
where w.lo.g., E is 5;. Let < (Ui, N;) > be a fully
marked typing of E (recall from the definition of a typ-
ing that each U; s fully specialized; i.e., U; contains
no type or list variables). For each i, let GOT(S;)
initially be 'a®, for some fresh type variable 'a. Let
< (Ti, M;) > be the GOT’s of < S; > after a call
to mark(E, (T, M)), where (T,M) < (U1, N1). Let f
be a substitution on the Tj’s such that f((T;,M;)) =
(Tj, M;) for each S; that is not traversed. For1 <1 <
n, let (F;,G;) be a fully marked, full specialized type
such that f((Ti, M;)) < (Fi, Gi), and let S} be any ez-
pression with output type F;. Then < (F;,G;) > 15 a
Sfully marked typing for E.

Proof The proofis an induction on the size of (number
of operators in) E. O

Corollary 2 Let )/ be the result of applying Algo-
rithm 2 to a type-correct query §'. Then, @' is type-
correct.

Proof Consider any one application of transformation
(1) or (2) of Algorithm 2. If transformation (1) is ap-
plied, then the substitution f such that f("s) is the
empty list, and such that f is the identity on all other
variables, suffices in this case. In transformation (2),
we set f(’a) to be the empty set with type {atom}. An
induction on the number of applications of any trans-
formation completes the proof. O
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6.3 Equivalence

As before, let @) be a query to which Algorithm 2 has
been applied, yielding @’. Assume that @ is type-
correct, so that by Corollary 2, Q' is type-correct. We
must show that for every EDB, the value of @)’ is equal
to the value of @. Our proof is based on the following
concepts.

Let us extend the definitions of equality and member-
ship to generalized types. Let I, I> and I3 be objects
in our data model, with types T3, T2 and T3 respec-
tively, where the T;’s are fully specialized (i.e., they
contain no type or list variables). Let M be a (legal)
marking for 71 and 75, and let sef — -M be a legal
marking for T3 (i.e., T3 is a set type). I; =M I, and
I €¢*="M [ are defined below for all such I, I and
I3.

1. If M =0, then I; =M I is true.
2. If M # 0, then the following definitions hold.

(i) If M is {bool}, then the value of I; =M I, is
=(I1 ® I3) (where & is exclusive-or).
(ii) If M is {atom}, then value of I} =™ I is

I = I, (ordinary equality).
(iii) If the root of the paths in M is set, then the
value of Iy =™ I, is

(VX e )X €™ YA (YW € L)W €M L)

(iv) If the root of the paths in M is record, then
the value of Iy =M [, is

A

record—x-r /M #£D

Li=11

(v) The value of I; €*¢'~'M I3 is the value of

GX el) =M X

We extend these definitions to polymorphic types, as
follows. Let (7, M) be a generalized type. Let I, I
and I3 be objects in our data model, with types T3,
T, and Ty respectively, where the T;’s are fully special-
ized (i.e., they contain no type or list variables). We
say that T} and T3 are consistent specializations of 7
under M iff there are substitutions f and ¢ such that
Ty = f(r), To = g(7) and f(M) = g(M). Intuitively,
Ty and T, must agree on all paths marked in 7. f(M)
{equivalently, g(M)) is termed the induced marking for
M. Equality under (7, M) (written =M) is defined iff
T1 and T are consistent specializations of 7 under M,
and is defined to be I; =M’ I, where M’ is the induced
marking for M. Membership under 7 and M (written
€M) is defined iff {71} and T3 are consistent specializa~
tions of 7 under M (with induced marking M”, say),
and is defined to be I} eM” I3.

Theorem 4 (a) =M, M
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Example 7 The sets S and S’ of Example 3 are equal
under the type 7 and marking M of Example 4. O

Now, we use =M to define the equivalence of expres-
sions with respect to marked types. Let E; and Es
be expressions. E is equivalent to Es under T and M
(written E; =M E,) if the following conditions hold.
(a) For every typing for E; and every typing for E,
such that these typings agree on the types of the free
variables appearing both in E; and in E5, the output
types of Fy and E- are equal.

(b) For every pair of of such typings, and for any in-
stantiations of the EDB variables consistent with these
typings, the value of E; and the value of F5 are equal.

Note that if 7 is fully marked, this is the standard
notion of equivalence between expressions.

and =M are well-defined for
all generalized types v and markings M.

(b) For a given T and M, =M and =M
relations.

(c) =X, e¥ and =/
marked under M.

are equivalence

reduce to =, € and = if 7 is fully

Proof Each proof is a straighforward induction on the
size of 7 and M. O

Theorem 5 Let < S; > (1 < i < n) be a sequence
of the variables and subezpressions in an expression F,
where w.l.o.g., E is S;. Let < (Ui, N;) > be a fully
marked typing of E. For each i, let GOT(S;) initially
be'a®, for some fresh type variable'a. Let < (T;, M;) >
be the GOT’s assigned to < S; > by mark(E, (T, M)),
where (T, M) < (U1, N1). Let f be a substitution on
the Ti’s such that f(T;) = T; if S; is not traversed.
For 1 < i < n, let (F;,G;) be a fully marked, fully
specialized type such that f((T;, M;)) <X (Fi,G;), and
let 5! be an expression with oulput type F; such that
S; =g Si. Then Sy =§* 8.

Proof The proof is an induction on the size of (number
of operators in) F, using Theorem 4. O

Corollary 3 Let Q' be the result of applying Algo-
rithm 2 to a type-correct query Q'. Then, Q = Q'.

Proof It is easy to see that if £/ is the result of ap-
plying transformation (1) or (2) of Algorithm 2 to the
expression E, if GOT(E) is (T, M), then E =¥ E'.
Our result follows from Theorem 5, and from the fact
that GOT(Q) is fully marked (hence, equivalence under
GOT(Q) reduces to ordinary equivalence, as indicated
in Theorem 4(c)). O



7 Conclusions and extensions

There has recently been much interest in the develop-
ment of query languages for the manipulation of com-
plex objects. The operators in several proposed lan-
guages have been converging on a core collection that
is expected to be useful in any such query language.
We treat the optimization of one language V which
extends relational algebra to the complex object data
model, and whose data complexity is in PTIME. Our
techniques seem to extend to several similar query lan-
guages.

Our main contribution is the development of an al-
gorithm that takes advantage of static type inferencing
in V to perform data flow analysis on structured data.
The data flow analysis permits the modification of ir-
relevant expressions in the language, without affecting
the type-correctness of a query. Since it is based on
type inferencing rather than on the semantics of the
operators in the language, it has broad applicability.

These optimizations have been implemented in the
compiler for VEIL [23], which is an extended version
of the language V.
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